Abstract. We calculate the Hirzebruch χy andχy-genera of symmetric products of closed complex manifolds by the holomorphic Lefschetz formula of Atiyah and Singer [4] . Such calculation rederive some formulas proved in an earlier paper [14] by a different method.
introduced by Baum-Connes [5] in the study of the equivariant K-theory. Here G * denotes the set of conjugacy classes of G and Z g denotes the centralizer of g. For each of these cohomology theories, one can define an Euler number, denoted by χ(M/G) and χ(M, G) respectively. The latter first appeared in the string theory on orbifolds in a different form (cf. Dixon-Harvey-Vafa-Witten [6] ):
where g, h is the group generated by g and h, the sum is taken over commutating pairs (g, h) ∈ G × G. From Atiyah-Segal [3] and Hirzebruch-Höfer [7] one knows that χ(M, G) as defined in (3) A classical analogue of this formula is of course the Lefschetz formula:
A very interesting class of examples are provided by the symmetric products X (n) = X n /S n of a manifold X. The following two formulas have been proved by various authors: n≥0 χ(X (n) )q n = 1 (1 − q) χ(X) , (6) n≥0 χ(X n , S n )q n = l≥1 1 (1 − q l ) χ(X) .
There are two approaches to such formulas. Macdonald [8] proved (6) using the isomorphism
and Vafa and Witten [11] proved (7) using the isomorphism ⊕ n≥0 H * (X n , S n ) ∼ = S(⊕ n≥0 H * (X)). (9) On the other hand, in Zagier [12] , §9, one can find a proof of (6) by (5) , while in Hirzebruch-Höfer [7] a proof of (7) by (4) .
It is interesting to consider the complex version of (6) and (7) by both approaches. The first approach has been carried in our earlier paper [14] , we will carry out the second approach in this paper. For a closed complex manifold M , a complex analogue of the Euler number is the Hirzebruch χ y -genus:
For a closed complex orbifold M/G, define χ y (M/G) and χ y (M, G) using the Hodge numbers of two versions of Dolbeault cohomology theories
respectively. For the latter, as in [14] , we use a graded shift suggested by physicists: to each connected component of M g , if the eigenvalues of g on the normal bundle are exp(
The Hodge numbers of H * , * (M, G) are given by
For a closed complex manifold X, the complex versions of (8) and (9) are the following isomorphisms respectively: (12) respectively. They have been used in [14] to prove the following analogues of (6) and (7) respectively:
In this paper, we use the complex analogue of (5), the holomorphic Lefschetz formula of Atiyah-Singer [4] , to rederive (13) . The following complex analogue of (4) follows easily from (13):
We will use it to derive (14) . Incidentally, we find a description of the Adams operation in terms of the localized theorem proved by Atiyah and Segal [3] . See Proposition 1.1. As in [14] , we also have a version for H − * , * andχ y .
1. Preliminaries
is the abelian group generated by the complex G-vector bundles, while K 1 G (M ) can defined as the kernel of the restriction map
given by the inclusion of point in S
1 . Atiyah and Segal [3] proved the following the following Theorem 1.1. There is a natural isomorphism
The isomorphism on K 0 G (M ) can be explicitly given as follows. If E is a G-vector bundle over M , its restriction to M g is acted on fiberwise by g and so decompose as a direct sum of subbundles E ξ for each eigenvalue ξ of g. Then
Tensor products and Adams operations. Given a vector bundle
⊗n is a vector bundle on X. There is a natural S n -action on E ⊗n given as follows:
The Adams operations ψ n : K(X) → K(X) is essentially defined as follows: if
Proof. By splitting principle, we may assume that E = ⊕ r m=1 L m , where L m 's are line bundles. Then
Consider the index set {(j 1 , · · · , j n ) : 1 ≤ j 1 , · · · , j n ≤ r}. The action of σ n or equivalently the cyclic group Z n on E ⊗n corresponds to the cycling of the indices:
are not all identical, there are two cases to consider. If the orbit of J has length n, then V J is the direct sum of n-copies of L J , and each fiber is a regular representation of Z n = σ n . Therefore, σ n has eigenvalues
Another case is that the orbit of J has length 1 < l < n. Then it is easy to see that l|n, j k = j k+l , i.e., J is of the form
. Therefore, one sees that σ n has eigenvalues e
This completes the proof.
Remark 1.1. In the calculation for j 1 , · · · , j n not all identical, one can also compute the character of the Z n or Z l representation on the fibers of V J . This again gives the eigenvalues of σ n on V J . This argument can be generalized to the graded version (cf. Proposition 3.1).
1.3. External tensor products. For i = 1, · · · , n, let E i → X i be vector bundles over manifolds X i . p i : X 1 × · · · × X n → X i the projections onto the i-th factors. The exterior tensor product of E 1 , · · · , E n is defined to be:
⊠n be the external tensor product of n-copies of E. There is an S n -action on X n given by
where σ ∈ S n , x 1 , · · · , x n ∈ X. In other words, each x j is moved to the σ(j)-th position. Similarly, there is an S n -action on E ⊠n given by
or equivalently,
Therefore E ⊠n is an S n -bundle over the S n -manifold X n . Clearly the external tensor product defines a ring homomorphism (cf. Atiyah [1] , Proposition 3.2):
. From Proposition 1.1, we get
1.4. Riemann-Roch numbers. Let π : E → M be a holomorphic vector bundle over a closed complex n-manifold M . Consider the Dolbeault complex
and the Dolbeault cohomology
The famous Hirzebruch-Riemann-Roch theorem states
where T (M ) is the Todd class of M .
1.5. Holomorphic Lefschetz theorem. For a vector bundle E on M , set
They are exponential in the sense that
Now assume that M is a complex G-manifold, E is a holomorphic G-vector bundle. Denote by N g the holomorphic normal bundle of a component of M g in M . Then there is a natural decomposition
where each N g (θ) is a holomorphic subbundle on which g acts as multiplication by e √ −1θ . Set
The holomorphic Lefschetz theorem states:
Recall that if V is a complex G-bundle on X (with trivial G-action on X), one can compute the equivariant characteristic classes as follows: for any g ∈ G,
With the notation of §1.1, (16) can be rewritten as
. (17) 1.6. Index theory on orbifolds. On the orbifold M/G, E/G is a V -vector bundle. Then one can define orbifold version of Dolbeault operator
where Ω 0, * (E/G) = Ω 0, * (E) G . One can consider the Dolbeault cohomology
and the Riemann-Roch number
Standard character theory shows that
By (17), we then have
String theory on orbifold suggests the consideration of another version:
2. Riemann-Roch numbers of symmetric products of vector bundles 2.1. Structures of the fixed point sets. We first recall the structure of (X n ) g for g ∈ S n . Any element of S n can be uniquely written as a products of mutually exclusive cycles. Denote by N l (g) the number of l-cycles in g. The sequence N (g) = (N 1 (g), N 2 (g), · · · ) is called the cycle type of g. Each cycle type corresponds to a unique conjugacy class, since permutations with the same cycle type are conjugate to each other. Given any element g ∈ S n of cycle type N = (N 1 , N 2 , · · · ), there is an isomorphism
, where S N l corresponds to permutations of the l-cycles of g, and each Z l corresponds to the cyclic group generated by an l-cyle in g. It is clear that
where each l-cycle of g contributes a copy of ∆ l (X). Since each Z l -factor in Z g is generated by the corresponding l-cycle, it acts trivially on the corresponding ∆ l (X). On the oter hand, the S N l -factor acts by permuting the N l copies of ∆ l (X). Therefore
2.2. Reduction to cycles. For g ∈ S n of cycle type (N 1 , · · · , N n ), it is easy to see that
where σ l = (12 · · · l). Therefore, we have
To summarize, we have
2.3. Calculations for cycles. First notice that T X n | ∆n(X) is isomorphic to the direct sum of n copies of T X and σ n acts on it by cycling the factors. Since the eigenvalues of an n-cycle on C n are e 2kπ √ −1/n for k = 0, · · · , n − 1, each with multiplicity 1, it is clear that
where k = 0 corresponds to T ∆ n (X). Hence
If {x j : j = 1, · · · , d} are the Chern roots of T X (d = dim X), then we have
This gives
Combining (17), (21) and Corollary 1.1, we get
Proof. Denote by {x 1 , · · · , x d } and {y 1 , · · · , y r } the Chern roots of T X and E respectively, then we have
for some homogeneous polynomial F d of degree d. Now from (22) we have
Theorem 2.1. For a closed complex manifold M and a holomorphic vector bundle E on X, we have
Proof. Combining (20) with Lemma 2.1, we get
Remark 2.1. One can find an easy proof of the formula in the above theorem using
2.4. Formula for χ(X n , E ⊠n |S n ). Similarly, we have
Theorem 2.2. For a closed complex manifold M and a holomorphic vector bundle E on X, we have
Proof. Combining (23) with Proposition 1.1 and Lemma 2.1 for ψ l (E), we get
3. Generalizations to the graded vector bundles 3.1. Graded anti-symmetric S n -action. We now assume that π : E → X is Z or Z 2 -graded vector bundle. Define the graded anti-symmetric S n -action on E ⊠n as follows:
where the sign (−1) ǫ(σ,|v1|,··· ,|vn|) is determined as follows: use transpositions of adjacent vectors to change
|v||w| . One can easily check that the final result does not depends on the choices of the transpositions. Simialarly define the graded anti-symmetric S n -action on E ⊗n . These definitions are motivated by the following Example 3.1. Let E = Λ * (T * X). Each fiber of Λ * (T * X n ) is spanned by elements of the form p * 1 α 1 ∧· · ·∧p * n α n , where as earlier p j : X n → X is the projection onto the j-th factor, α 1 , · · · , α n ∈ Λ * (T * X). Therefore we have an isomorphism of vector bundles
The S n -action on X n induces an S n -action on Λ * (T * X n ):
. With respect to the isomorphism (24), the induced S n -action on λ * (T * X n ) is just the graded anti-symmetric action of S n on Λ * (T * X). Similar discussions can be carried out for E = Λ * (T X).
3.2.
Graded K-theory and graded Adams operations. It is straightforward to define the graded K-theory GK(X) as the Grothendieck algebra of graded vector bundles on X. Similarly define the graded equivariant K-theory. Define the graded Adams operation Gψ
As in the ordinary case, we have maps
defined by sending E to E ⊗n and E ⊠n with the graded anti-symmetric S n -actions respectively. The graded version of Proposition 1.1 and Corollary 1.1 is the following Proposition 3.1. For a graded vector bundle E 0n X, we have
Proof. By splitting principle, we may assume that E = ⊕ r m=1 L m , where each L m 's is a graded line bundle of degree d m . Then
⊗n is a direct sum of such V J ,s, it suffices to find φ σn (V J ) for all J. When j 1 = · · · = j n = m, V J = L ⊗n m and σ n acts by the multiplication of
In other words,
When j 1 , · · · , j n are not all identical, we modify the proof of Proposition 1.1 by computing the characters as explained in Remark 1.1 to show φ σn (V j ) = 0.
3.3. χ −y of graded holomorphic vector bundles. For a holomorphic Z-graded
There is an induced grading on E ⊠E and we have
⊠n in the sense that both sides can be written as
Denote by E ⊠n /S a n the quotient of E ⊠n by the graded anti-symmetric action. Now we have χ −y (X n /S n , E ⊠n /S a n ) =
[g]∈(Sn) * 1 |Z g | χ g a (X n , E ⊠n y ).
Here we have used g a to indicated g acts graded anti-symmetrically.
Theorem 3.1. Let E be a Z-graded holomorphic vector bundle over a closed complex manifold X, then we have n≥0 χ −y (X n /S n , E ⊠n /S a n )p n = l≥1 exp 1 l p l χ −y l (X, E) .
Proof. As in §2.2, we have
From (17), (21) and Proposition 3.1, we get χ σ a n (X n , E ⊠n −y ) = 1 n d X ch(Gψ n (E −y ))T (ψ n (T X)).
Without loss of generality, we may assume that E = ⊕ This recovers (14) . Similarly, we havê χ y (M ) = 
